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Abstract
For any complete manifold with nonnegative Bakry–Emery’s Ricci curvature, we prove the gradient
estimate of L-harmonic function. As application, we use this gradient estimate to deduce the localized
version of the Harnack inequality for L-harmonic operator and some Liouville properties of positive or
bounded L-harmonic function.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
As we known, the classical Harnack inequality for elliptic operators in Rn was proved by
Moser [10]. Later Yau [12] used the maximum principle to obtain the Harnack inequality for
Laplacian operators on manifolds with Ricci curvature bounded from below. Recently Cabré [4]
considered the nondivergent elliptic operators on manifolds with nonnegative sectional curvature,
and used the Calderón–Zygmund technique to get the similar Harnack inequality. Later Kim [7]
improved this result under the assumption of nonnegative Ricci curvature. Now we consider a
general elliptic operators on a manifolds with nonnegative Bakry–Emery’s Ricci curvature, this
kind of manifold was studied by many people, such as in [3,11] Bakry and Qian proved the com-
parison theorems without using Jacobi field theory, and in [2] they use the maximum principle
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some geometric properties in this kind of manifold. Recently Li discussed a symmetric diffusion
operator in this kind of manifold and obtain some Liouville theorems in his paper [8].
Let M be an n-dimensional manifold, and L be an elliptic differential operator of second
order on M ; i.e., in a local chart:
L =
n∑
i,j=1
gij (x)
∂2
∂xi∂xj
+
n∑
i=1
bi(x)
∂
∂xi
.
The elliptic property of L means that (gij (x))1i,jn is a positive definite, so that this elliptic
operator L determine a Riemannian metric (gij )1i,jn on M , and (gij )1i,jn is the inverse
matrix of (gij )1i,jn. In the following we assume that this metric is smooth and complete. If a
function f on M satisfying Lf = 0, then we call the function f and the operator L, respectively,
for L-harmonic function and L-harmonic operator.
Now we defined the square field operator Γ associated to the operator L by
Γ (f,g) = 1
2
{
L(fg) − fLg − gLf }, ∀f,g ∈ C2(M).
It is easily seen that
Γ (f,g) =
n∑
i,j=1
gij (x)
∂f
∂xi
∂g
∂xj
, ∀f,g ∈ C2(M).
The Bakry–Emery’s curvature operator Γ2 of L is defined to be bilinear map
Γ2(f, g) = 12
{
LΓ (f,g) − Γ (Lf,g) − Γ (f,Lg)}, ∀f,g ∈ C2(M). (1.1)
The Bakry–Emery’s Ricci curvature is defined by
R˜ic = Ric − ∇sB − 1
m − nB ⊗ B, (1.2)
where m > n is a positive constant, Ric denotes by Ricci curvature of M , B =∑ni=1 bi(x) ∂∂xi ,∇sB is the symmetric part of ∇B defined by
∇sB(ζ, η) = 1
2
{〈∇ζB,η〉 + 〈∇ηB, ζ 〉}, ∀ζ, η ∈ TM
here TM denotes the tangent bundle of M .
In the case where B = −∇φ, the Bakry–Emery’s Ricci curvature become that
R˜ic = Ric + ∇2φ − 1
m − n∇φ ⊗ ∇φ. (1.2)
′
By the Bochner formula, it is easy to see that the following Bakry–Emery’s curvature-
dimension inequality (see [1] or [8]) holds:
Γ2(f,f )
1
m
(Lf )2 − KΓ (f,f ), ∀f ∈ C2(M) (1.3)
if and only if R˜ic−K , where K  0 is a constant.
In [11], Qian proved the following comparison theorem.
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Lρ2 m
(
1 +
√
1 + K
m
ρ2
)
, on M − cut(x0)
where ρ(x) = d(x0, x), d(x0, x) denotes the distance from the fixed point x0 to x, cut(x0) is the
cut locus of x0.
Combining Lemma 1.1 with the maximum principle, we can prove the following gradient
estimate of L-harmonic function.
Theorem 1.1. Let L, M be above assumption, if R˜ic−K , u is a positive L-harmonic function
in a ball Bx0(R) ⊂ M , then
|∇u|
u
 12m
R
+ 4√KmR (1.4)
in Bx0(
R
2 ), where | · | is the norm about the metric (gij )1i,jn.
Remark. (1) If L = , then the Bakry–Emery’s Ricci curvature is Ricci curvature of M
and m = n. In this case Theorem 1.1 is Yau’s result (see [12]).
(2) Recently X.D. Li proved a similar Gradient estimate for a symmetric diffusion operator,
i.e., L =  − ∇φ · ∇ (see [8]).
(3) Our proof mainly followed Yau’s method, but some properties of Bakry–Emery operator
was used in our proof, so we simplified Yau’s proof.
Corollary 1.1. Supposed that R˜ic−K , u is a positive L-harmonic function in a ball Bx0(R),
then
sup
Bx0 (
R
2 )
u e24m+8
√
KmR inf
Bx0 (
R
2 )
u. (1.5)
When we assume that R˜ic  0, we can obtain the following strong Liouville property of L-
harmonic function on M .
Corollary 1.2. Supposed that R˜ic  0, u is a positive or bounded L-harmonic function on M ,
then u is constant.
On the other hand, we also studied the manifold with nonnegative Bakry–Emery Ricci cur-
vature outside a compact set, by [5], we know that the above strong Liouville theorem does not
hold on such manifold, however the author proved a kind of weak Liouville theorem which says
that the vector space of bounded harmonic functions on the manifold with nonnegative Ricci
curvature outside a compact set is finite-dimensional. In this paper, we use the gradient estimate
in Theorem 1.1 to extend the weak Liouville theorem to the manifold with nonnegative Bakry–
Emery Ricci curvature outside a compact set.
Theorem 1.2. If M has nonnegative Bakry–Emery Ricci curvature outside a compact set, the
vector space of bounded L-harmonic functions is finite-dimensional, here L =  − ∇φ · ∇ ,
Bakry–Emery Ricci curvature is defined by (1.2)′.
Q. Ruan / J. Math. Anal. Appl. 329 (2007) 1430–1439 14332. Proof of Theorem 1.1 and its corollary
In this section we want to prove Theorem 1.1 and its corollary, firstly we prove the Theo-
rem 1.1.
Proof of Theorem 1.1. Considering the following function in Bx0(R):
F(x) = (R2 − ρ2)ϕ(x),
where ϕ = |∇u|
u
. If ∇u = 0, then the inequality (1.4) is obvious. Thus we only consider the case
of ∇u = 0, since F(x) = 0 at x ∈ ∂Bx0(R), then F(x) must achieve a maximum value in the
interior of Bx0(R).
Supposed x1 ∈ Bx0(R) be maximum point of F(x), by [12], without loss of generality, we can
assume that x1 is not in the cut locus of x0. Then by the maximum principle, at x = x1 we have
∇F = 0, (2.1)
LF  0. (2.2)
Since
LF = (R2 − ρ2)Lϕ − ϕLρ2 + Γ (R2 − ρ2, ϕ). (2.3)
From (2.1), we see that at x = x1
Γ
(
R2 − ρ2,F )= 0.
So we have that at x = x1
Γ
(
R2 − ρ2, ϕ)= − ϕ
R2 − ρ2 Γ
(
R2 − ρ2,R2 − ρ2)= − 4ρ2ϕ
R2 − ρ2 . (2.4)
Since Lu = 0, Γ (f,f ) = |∇f |2, then
L lnu = −Γ (lnu, lnu) = −ϕ2. (2.5)
Combining (1.1), (1.3), (2.1), (2.4) and (2.5), we can deduce that at x = x1,
Lϕ = 1
2
ϕ−1Lϕ2 − ϕ−1Γ (ϕ,ϕ)
= 1
2
ϕ−1L|∇ lnu|2 + ϕ−1 ϕ
R2 − ρ2 Γ
(
R2 − ρ2, ϕ)
= 1
2
ϕ−1LΓ (lnu, lnu) − 4ρ
2ϕ
(R2 − ρ2)2
= ϕ−1Γ2(lnu, lnu) + ϕ−1Γ (L lnu, lnu) − 4ρ
2ϕ
(R2 − ρ2)2
 ϕ−1
(
m−1(L lnu)2 − KΓ (lnu, lnu))− 2Γ (ϕ, lnu) − 4ρ2ϕ
(R2 − ρ2)2
= m−1ϕ3 − Kϕ + 2ϕ
R2 − ρ2 Γ
(
R2 − ρ2, lnu)− 4ρ2ϕ
(R2 − ρ2)2
m−1ϕ3 − Kϕ − 4ρϕ
2
2 2 −
4ρ2ϕ
2 2 2 .R − ρ (R − ρ )
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R2 − ρ2)Lϕ m−1(R2 − ρ2)ϕ3 − K(R2 − ρ2)ϕ − 4ρϕ2 − 4ρ2ϕ
R2 − ρ2 . (2.6)
Substituting (2.4) and (2.6) into (2.3), then from Lemma 1.1, we get that at x = x1
R2 − ρ2
m
ϕ3 − K(R2 − ρ2)ϕ − 4ρϕ2 − 4ρ2ϕ
R2 − ρ2
− mϕ
(
1 +
√
1 + K
m
ρ2
)
− 4ρ
2ϕ
R2 − ρ2  0,
(R2 − ρ2)2
m
ϕ2 − K(R2 − ρ2)2 − 4ρ(R2 − ρ2)ϕ − 8ρ2
− m
(
1 +
√
1 + K
m
ρ2
)(
R2 − ρ2) 0,
F 2 − 4mRF − KmR4 − 8mR2 − m2(1 +√1 + Km−1R2 )R2  0.
From the above inequality, we have that at x = x1
F  6mR + √2mK R2,(
R2 − ρ2)ϕ  6mR + √2mK R2,
3
4
R2 sup
Bx0 (
R
2 )
ϕ  6mR + √2mK R2.
So we get that
sup
Bx0 (
R
2 )
|∇u|
u
 12m
R
+ 4√Km. (2.7)
Thus we proved Theorem 1.1. 
Next we follow Yau’s work (see [12]) to prove the Harnack inequality for the elliptic operator.
Proof of Corollary 1.1. From Theorem 1.1, we know that
sup
Bx0 (
R
2 )
|∇u|
u
 12m
R
+ 4√Km.
Let x1, x2 ∈ Bx0(R2 ), such that u(x1) = supBx0 ( R2 ) u(x), u(x2) = infBx0 ( R2 ) u(x), then we join x1
and x2 with a minimal geodesic γ , and from triangle inequality, we see that γ must lie in Bx0(R).
So we have
ln
u(x1)
u(x2)

∣∣∣∣
∫
γ
d lnu
ds
∣∣∣∣
∫
γ
|∇u|
u

(
12m
R
+ 4√Km
)∫
γ
ds  24m + 8√KmR,
u(x1) = sup
Bx0 (
R
2 )
u(x) e24m+8
√
KmRu(x2) = e24m+8
√
KmR inf
Bx0 (
R
2 )
u(x).
Thus we prove Corollary 1.1. 
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Proof of Corollary 1.2. If u is positive and K = 0, then let R → ∞, from (2.7), we have that
|∇u| ≡ 0, so u(x) must be constant.
If u is bounded, then adding a constant to u, we may assume that infM u = 0. Hence,
for any ε > 0, u(p)  ε for some point p ∈ M . From Corollary 1.1 with K = 0, we obtain
sup
Bx0 (
R
2 )
u e24mε, it follows that u e24mε in M . Letting ε → 0, we conclude u ≡ 0. 
3. Proof of Theorem 1.2
In this section, we will prove Theorem 1.2, firstly let us introduce some lemmas.
Lemma 3.1. Suppose that u is a nonnegative L-subharmonic function (i.e., Lu  0) outside a
compact subset of M . If ∫
M
uk dμ < +∞, where dμ = e−φ dx, k  2, then ∫
M
|∇uk|dμ < +∞.
Proof. Suppose R > 0 is a positive real number. Let Bx0(R) be the geodesic ball of radius R
centered at a fixed point x0. One can construct a continuously differentiable function ψ satisfy-
ing:
|∇ψ | 2
R
, 0ψ  1,
ψ(x) = 1, ∀x ∈ Bx0
(
R
2
)
, ψ(x) = 0, ∀x ∈ M − Bx0(R). (3.1)
Let v = uk2 , by an elementary computation, we have
vLv = k
2
vu
k
2 −1Lv + k
2
(
k
2
− 1
)
vu
k
2 −2|∇u|2 w + k − 2
k
|∇v|2, (3.2)
where the function w is supported on the compact set in which Lu 0.
By integrating by part, we see that∫
M
ψ2vLv dμ =
∫
M
ψ2vve−φ dx −
∫
M
ψ2v〈∇φ,∇v〉e−φ dx
= −
∫
M
ψ2|∇v|2e−φ dx − 2
∫
M
ψv〈∇v,∇ψ〉e−φ dx
= −
∫
M
ψ2|∇v|2 dμ − 2
∫
M
ψv〈∇v,∇ψ〉dμ.
Combining above equation with (3.2), we get that∫
M
ψ2wdμ + k − 2
k
∫
M
ψ2|∇v|2 dμ−
∫
M
ψ2|∇v|2 dμ − 2
∫
M
ψv〈∇v,∇ψ〉dμ,
2(k − 1)
k
∫
ψ2|∇v|2 dμ−
∫
ψ2wdμ − 2
∫
ψv〈∇v,∇ψ〉dμ,M M M
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k
∫
M
ψ2|∇v|2 dμ−
∫
M
ψ2wdμ + k − 1
k
∫
M
ψ2|∇v|2 dμ
+ k
k − 1
∫
M
|∇ψ |2v2 dμ,
k − 1
k
∫
M
ψ2|∇v|2 dμ−
∫
M
ψ2wdμ + 4k
(k − 1)R2
∫
M
uk dμ.
Since uk is integrable and the function w is supported on the compact set in which Lu 0, then
let R → +∞, we have that∫
M
|∇v|2 dμ = k
2
4
∫
M
uk−2|∇u|2 − k
k − 1
∫
M
ψ2wdμ < +∞. (3.3)
By (3.3) and Schwarz inequality, we see that∫
M
∣∣∇uk∣∣dμ = k ∫
M
uk−1|∇u|dμ 4
( ∫
M
|∇v|2 dμ
) 1
2
( ∫
M
uk
) 1
2
< +∞.
Thus we proved Lemma 3.1. 
Lemma 3.2. Suppose that η is a L-harmonic 1-form in L2p(∧1 M), p  2, A is a suitable
compact set so that the Bakry–Emery Ricci curvature is nonnegative on M − A, then∫
M
|∇η|2|η|2(p−1) dμC
∫
A
|η|2p,
where C is a positive constant independent of η.
Proof. By the Bochner formula, we have that on M − A
L|η|2 = (η2i )jj − φj (η2i )j = 2(ηij )2 + 2ηiηijj − 2φjηiηij
= 2(ηij )2 + 2ηiηjji + 2Rijηiηj − 2φjηiηji
= 2(ηij )2 + 2ηi(Lη)i + 2(Rij + φij )ηiηj
= 2|∇η|2 + 2R˜ic(η, η) + 2
m − n
(〈∇φ,η〉)2
 2|∇η|2 + 2R˜ic(η, η). (3.4)
If we take u = |η|2 and k = p, then Lu is L-subharmonic on M − A. Since uk = |η|2p is inte-
grable, thus by Lemma 3.1, we know that |∇v| is integrable, here v = |η|2p .
Now we can modify Yau’s general Stokes theorem [13] to prove that
lim
i→∞
∫
Di
Lv dμ = 0, (3.5)
where Di is a smooth exhaustion sequence of M .
Let r be the distance function defined on M from a fixed point x0, Bx0(R) be the ball of
radius R around x0. Then by approximating the function r (see [6]), we can find a nonnegative
smooth function gR such that
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(2) |∇gR| 32 on g−1R ([0,R]).
(3) g−1R (t) ⊂ Bx0(t + 1) \ Bx0(t + 1) for t R.
By property (2) of gR , we have that
R∫
0
( ∫
g−1R (t)
|∇v|e−φ dσ
)
dt =
∫
g−1R ([0,R])
|∇gR||∇v|dμ 32
∫
M
|∇v|dμ < C,
where dσ denotes the volume element of the hypersurface, C is a positive constant.
On the other hand, for some R2  tR  R, where g
−1
R (tR) is a compact regular hypersurface,
we obtain that∫
g−1R (tR)
|∇v|e−φ dσ  C
R
. (3.6)
From the Stokes theorem and (3.6), we see that∣∣∣∣
∫
g−1R ([0,tR])
Lv dμ
∣∣∣∣
∫
g−1R (tR)
|∇v|e−φ dσ  C
R
. (3.7)
From property (3) of gR and (3.7), we get that
M =
∞⋃
i=1
g−1i
([0, ti])
and
lim
i→∞
∫
g−1i ([0,ti ])
Lv dμ = 0.
Take Di = g−1i ([0, ti]), then we proved (3.5).
From (3.4), we know that
Lv = |η|2p + 〈∇φ,∇|η|2p〉= p|η|2(p−1)L|η|2 + p(p − 1)∣∣∇|η|2∣∣2|η|2(p−2)
 2p|η|2(p−1)|∇η|2 + 2p|η|2(p−1)R˜ic(η, η). (3.8)
Since the right-hand side of (3.8) is nonnegative on M − A, thus we can apply (3.5) and the
monotone convergence theorem to get that∫
M
(
2p|η|2(p−1)|∇η|2 + 2p|η|2(p−1)R˜ic(η, η))dμ 0.
By the assumption that the Bakry–Emery Ricci curvature is nonnegative on M − A, we can
conclude that∫
|∇η|2|η|2(p−1) dμ C
∫
|η|2p.
M A
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Finally, we can use above two lemmas to prove Theorem 1.2.
Proof. Firstly, we claim that for fixed odd integer p > 2, the space of L-harmonic one form
in L2p(
∧1
M) is finite-dimensional. Otherwise, we suppose that the space H of L-harmonic
one form in L2p(
∧1
M) is infinite-dimensional. Choose any sequence xj of points which is
dense in M . By elementary linear algebra, we can choose a sequence ηi ∈ H, with no ηi
identically zero, satisfying ηi(xj ) = 0, j  i. Let W ⊃ A be open set with smooth bound-
ary and compact closure in M . We choose the normalization ‖ηi‖2p,W = 1. Since W has
compact closure in M , therefore, it can be covered by a finite number of normal coordinate
charts of sufficiently small radius. So without loss of generality, we can assume that W is con-
tained in a normal coordinate chart with coordinates x1, x2, . . . , xn, then we can write any one
form ζ =∑nα=1 ζα dxα ∈ L2p(∧1 M). Suppose the radius of W is sufficiently small, then by
Lemma 3.2, we have that
n∑
α=1
∫
W
∣∣ζpα ∣∣2 +
∣∣∣∣ ∂∂xα ζpα
∣∣∣∣2 dμC
∫
W
|ζ |2p + |∇ζ |2|ζ |2(p−1) dμ < +∞.
So we know that ζpα ∈ H 1,2. From the Rellich theorem which states that the embedding
H 1,2 → L2 of function space is compact, we see that the sequence {ηi} is relatively com-
pact in L2p(
∧1
W). So there is a subsequence ηik converging in L2p(
∧1
W) to some η in
L2p(
∧1
W). Since ηik is harmonic, so is η and the convergence is uniform on compact sub-
sets of W . Since xj ∈ M is a dense sequence, this forces η = 0. By the triangle inequality
‖ηik‖2p,W  ‖η‖2p,W +‖ηik − η‖2p,W , we obtain that ‖ηik‖2p,W → 0, when k → ∞. However,
the normalization ‖ηik‖2p,W = 1, this contradiction gives our claim.
Now let r(x) be the geodesic distance from any point x ∈ M −A to A, then the Bakry–Emery
Ricci curvature is nonnegative on Bx( r(x)2 ). Let u be a bounded harmonic function, then there
exists a constant C such that u + C > 0. So if we take B = ∇φ, then we can apply Theorem 1.1
to the positive function u + C and get that |∇u|  C
r(x)
. By the Li’s volume comparison theo-
rem (see [8, Lemma 3.1]), we know that μ(Bx( r(x)2 )) =
∫
Bx(
r(x)
2 )
dμ  Cr(x)m. Consequently,
du ∈ L2p(∧1 M), 2p > m.
Fix some odd integer p > max(2, m2 ). Then u → du provides a linear map from bounded
harmonic functions to harmonic one forms in L2p(
∧1
M). Clearly, the kernel consists of the
one-dimensional space of constant functions. From above claim we know that the image is finite-
dimensional, thus the space of bounded harmonic functions is finite-dimensional. This completes
the proof of Theorem 1.2. 
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